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Abstract. The contribution of plant species richness to productivity and ecosystem func-
tioning is a longstanding issue in ecology, with relevant implications for both conservation and
agriculture. Both experiments and quantitative modeling are fundamental to the design of sus-
tainable agroecosystems and the optimization of crop production. We modeled communities of
perennial crop mixtures by using a generalized Lotka-Volterra model, i.e., a model such that
the interspecific interactions are more general than purely competitive. We estimated model
parameters -carrying capacities and interaction coefficients- from, respectively, the observed
biomass of monocultures and bicultures measured in a large diversity experiment of seven
perennial forage species in Iowa, United States. The sign and absolute value of the interaction
coefficients showed that the biological interactions between species pairs included amensalism,
competition, and parasitism (asymmetric positive-negative interaction), with various degrees
of intensity. We tested the model fit by simulating the combinations of more than two species
and comparing them with the polycultures experimental data. Overall, theoretical predictions
are in good agreement with the experiments. Using this model, we also simulated species
combinations that were not sown. From all possible mixtures (sown and not sown) we
identified which are the most productive species combinations. Our results demonstrate that a
combination of experiments and modeling can contribute to the design of sustainable
agricultural systems in general and to the optimization of crop production in particular.

Key words: community ecology; competition; facilitation; grassland; Lotka-Volterra generalized interac-
tion model; overyielding in polyculture mixtures; primary production optimization.

INTRODUCTION

The contribution of plant species richness to productiv-
ity and ecosystem functioning is a longstanding issue in
ecology, with relevant implications for both conservation
and agriculture (Tilman et al. 2014). Multi-species peren-
nial polycultures are commonly used worldwide for pas-
tures, forage, and biomass production, and potentially in
grain production too. Benefits of multi-species mixtures
include overyielding (i.e., production in mixtures that
exceeds expectations based on monoculture; Trenbath
1974), stability (lower variability in production), and resili-
ence (ability to recover after a perturbation such as dro-
ught). Perennial herbaceous polycultures are mixtures of
perennial crop species grown for agricultural purposes
(grain, forage, or biomass production) that can increase
diversity and productivity in agricultural landscapes while
reducing soil erosion, especially in lands suitable for low-
input systems (Jackson 2002, Cox et al. 2006, Schulte
et al. 2006). The solution of serious global problems,
which include environmental degradation and loss of

biodiversity (Lomborg 2004), could be achieved through
perennial polyculture farming. That is, with more plentiful
prairies, we could dispense with much of the machinery,
energy, fertilizers, irrigation, herbicides, and pesticides that
are common in modern agriculture. That, in turn, would
have secondary benefits in environmental remediation and
biodiversity (Dewar 2007). Moreover, perennial polycul-
ture farming could help the environment since polycul-
tures produce more plant material in the ground, thus
sequestering more carbon dioxide (Dewar 2007).
Identifying the optimal combinations of species in

perennial crop mixtures in terms of richness and compo-
sition requires field experiments, which quickly become
too large in terms of treatments (species combinations),
time, labor, and costs (Tilman et al. 1997, 2001, Hector
et al. 1999). In addition to field experiments, the devel-
opment of quantitative methods using mathematical
modeling is required (Agrawal et al. 2007, Morin 2011).
Mathematical models can help in many ways: as tools to
predict the outcome of different seeded polycultures; to
reveal ecological relevant patterns; to summarize vast
sources of information and facilitate comparisons; to
provide a better evaluation of the effectiveness of man-
agement practices that would serve as a basis for man-
agement optimization (Vandermeer 2011). Examples are
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the Diversity-Interactions (DI) models (Kirwan et al.
2007, 2009), which address many of these issues.
Nevertheless, applications of phenomenological mod-

els, in terms of interspecific interactions, to practical
agricultural situations are few. Moreover, despite the
accepted importance of interspecific interaction, these
models have rarely been capable of identifying the con-
tribution of each particular interactions as opposed to
measuring the net effect of all interactions (Kirwan et al.
2007, Hector et al. 2009).
Here we use the data from field experiments carried

out from 2003 to 2005 in Iowa involving seven perennial
crop species from three functional groups (Picasso et al.
2008, 2011) to build a generalized Lotka-Volterra (GLV)
model (Hofbauer and Sigmund 1998). GLV models are
phenomenological models for general interspecific inter-
actions, i.e., interactions between pairs of species that
can be either negative (competition) or positive (facilita-
tion). In those experiments, all the monocultures and all
except two bicultures were sown and the biomasses of
each species was measured. This allows us, first, to esti-
mate all the parameters of our model (see Materials and
Methods); and, second to test our model quantitatively
by comparing its predictions against empirical data for
polycultures involving three or more species. Therefore
our model goes beyond predicting a community-level
ecosystem function, like total annual biomass, and serve
as a quantitative descriptive and predictive tool for indi-
vidual species biomasses and overyielding indices in
perennial herbaceous polycultures.
The general goal is to contribute to the development

of quantitative tools for optimizing crop production.
The specific objectives of this paper are (1) to develop
and validate a GLV model for the particular set of
perennial crop species used in a field experiment; (2) to
qualitatively characterize the species interactions as well
as to quantify their strength through the estimations of
interaction coefficients; (3) to predict the biomass pro-
ductivity and ranking of forage mixtures not included in
the original experiment; (4) to compute overyielding
indices and total biomass produced in order to identify
optimal mixtures.

MATERIALS AND METHODS

The model

We considered a generalized Lotka-Volterra (GLV) of
species, an extension of the Lotka-Volterra competition
model in which species in addition to compete pairwise by
resources can experiment positive interactions (i.e. at least
one species of the pair benefits from the presence of the
other). Denoting by xi the yield or biomass density of spe-
cies i, the GLVequations for n species can be written as

_xi ¼ rixi 1þ
Xj¼n

j¼1

aijxj
ki

 !
; i ¼ 1; . . .; n

where ri > 0 is the maximum growth rate of species i
(measured in units of 1/time), ki > 0 is the carrying
capacity of species i (measured in units of biomass den-
sity i.e., g/m2) and aij is the pairwise interaction coeffi-
cient, which is a nondimensional quantity, measuring
how species i is affected by species j. The cases i = j cor-
respond to intraspecific competition and we take
aii = �1 for each species in such a way to recover the
logistic equation for monocultures (see Materials and
Methods/Parameter estimation from experimental data).
The sign of the parameters aij may be positive or nega-

tive (and, of course, 0 meaning neutral interaction). If
aij < 0 then species j competes for resources with species
i. If aij > 0 then the presence of species j benefits species
i. It is worth emphasizing that the interaction between
species is modeled between pairs, through interaction
parameters aij and aji, i.e., the model does not include
parameters of interaction involving three or more spe-
cies (corresponding to non quadratic interactions).

Parameter estimation from experimental data

Experimental design, collection and data treatment.—
The seven perennial crop species belong to three func-
tional groups (Picasso et al. 2008, 2011): legumes
(alfalfa [A] Medicago sativa L., white clover [WC] Tri-
folium repens L., illinois bundleflower [IBF] Desmanthus
illinoensis); cool-season grasses (orchardgrass [OG]
Dactylis Glomerata L. and intermediate wheatgrass [IW]
Thinopyrum intermedium); warm-season grasses (switch-
grass [SW] Panicum virgatum L. and eastern gamagrass
[EG] Tripsacum dactyloides). We numbered these species,
following the above order, in such a way that i = 1 is A,
i = 2 is WC, and so on so forth.
Field experiments included monocultures of each of the

seven species, 19 of the 21 possible bicultures and some of
the possible combinations with three, four, five, and six spe-
cies. All these entries were sown in two different locations
and in three replications in each location. The biomass of
these plots was harvested once a year, sorted by species,
and weighted. The procedure have been repeated during
three years (2003, 2004, and 2005). Thus for each entry we
have 18 observations: locations 9 3 replicates 9 3 yr. In
almost all the experiments, besides the seeded species there
were either weeds or species not sown in this particular
entry but which were in the soil seed bank. Therefore if in
an n-culture plot (n = 1,. . .,7) the sum of the biomasses of
the n seeded species was below 70% of the total, this entry
was considered “contaminated” and discarded. This
threshold of 70% was a tradeoff between accuracy and suf-
ficient statistics. The amount of discarded entries varied
along the different species with no clear pattern. In total,
213 entries (out of 993) were discarded.
The yield of monoculture plots varied along the three

years without exhibiting any clear trend i.e., depending
on the species, it reached a maximum either in year one,
two or three (Picasso et al. 2011). The same happened
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with the yield of mixtures and with the overyielding
indices (Picasso et al. 2011).
For further details on the experiments, such as envi-

ronmental information, soil nutrient status, irrigation,
etc., we refer to Picasso et al. (2008, 2011).

Estimation of the carrying capacities from monocul-
tures.—The model for n = 1 species reduces to the logis-
tic equation, _x ¼ rxð1� x=kÞ, which is known to have
x1 = 0 and x2 = k as its equilibrium points. The equilib-
rium 0 is unstable and k is stable. Therefore, in the equi-
librium state, the biomass density tends to k. Since
biomass was harvested at the end of the growing season,
we assumed the equilibrium state had been reached and
hence we can estimate k as the mean of all data samples.
Therefore, if bs denotes the biomass of a given species
for the sth sample and M stands for the number of sam-
ples (experiments), then k ¼ 1=M

Ps¼M
s¼1 bs.

Estimation of the interaction coefficients from bicultures.—
The model for n = 2 species, i and j, may be written as

_xi ¼ rixi 1� 1
ki
xi þ aij

ki
xj

� �
;

_xj ¼ rjxj 1� 1
kj
xj þ aji

kj
xi

� �
:

(1)

This model has four equilibrium points: complete
extinction (0,0), which is always unstable, exclusion of
one species, i.e., (ki,0) or (0,kj), and coexistence of both
species given by

ki þ aijkj
1� aijaji

;
kj þ ajiki
1� aijaji

� �
: (2)

When the coexistence equilibrium is stable the single
species equilibria are unstable and vice versa (Pastor
2008). The conditions of stability for the coexistence
equilibrium are (Pastor 2008)

aijaji \ 1 and � aij\Ki=Kj : (3)

To estimate the interaction parameters, aij and aji, we
assumed that the system was in this coexistence equilibrium
state when the biomass (bi, bj) was measured. Thus we have�ðki þ aijkj=1 � aijajiÞ; ðkj þ ajiki=1 � aijajiÞ

� ’ ðbi; bjÞ.
Solving for aij and aji, we obtain an expression for
the estimation of these parameters given by aij ¼
ðbi � kiÞ=ðbjÞ and aji ¼ ðbj � kjÞ=ðbiÞ. Therefore, using
the mean of the experimentally measured biomass of
each species in the ij treatment, �bi and �bj , and the carry-
ing capacities already obtained (see Appendix S2) we
estimted the interaction parameters as

aij ¼
�bi � ki

�bj
; aji ¼

�bj � kj
�bi

: (4)

This is a common procedure to obtain the interaction
coefficients between species in community ecology (see,
for example, Crombie 1946, Seifert and Seifert 1976,
Gotelli 1995). Notice that if, for a given species on the
biculture, its mean measured biomass is larger (smaller)
than its carrying capacity, then aij > 0 (aij < 0).

Adjustment of the initial estimated parameters.—It turned
out that the estimated values of the parameters, ki and
aij, for the combinations SW-EG, IBF-IW, and IW-EG
were such that conditions 3 break down and thus would
imply that their coexistence equilibrium is unstable.
However we still have the freedom to modify the GLV
parameters around the computed mean values, provided
we keep them within their confidence intervals (see
Appendix S1), in such a way as to transform the unstable
equilibrium into a stable one fulfilling conditions 3.
Then varying the carrying capacities within their confi-
dence intervals we determined a region in the space of
these parameters for which the coexistence equilibriums
were mathematically stable for all the bicultures. Within
this region, we chose the set of seven carrying capaci-
tiesfk1; k7g that minimizes the sum of square deviations
between theoretical and experimental biomasses. These
values are shown in Table 1 together with their
expanded uncertainties Up (see Appendix S1). In Table 2
we show the corresponding interaction coefficients aij of
column j species over row i species (e.g., 10.42 in entry
A-WC means that species WC exerts a facilitative inter-
action over species A and so on so forth).
Since there were no plots with the combinations SW-

IW and EG-OG, we couldn’t estimate their interaction
parameters, respectively, [a56, a65] and [a47, a74]. How-
ever, it turns out that for all the seeded mixtures of three
or more species in which the pair (SW,IW) or/and (EG,
OG) was included, either species SW or/and EG did not
grow well (Picasso et al. 2008, 2011). Therefore in the
simulations we didn’t need to make use of the corre-
sponding (unknown) interaction coefficients.

Summary: the recipe to build the model.—The recipe we
used can be summarized as follows:

Data curation.—We keep only those experiments in
which the sum of the biomasses of the seeded species

TABLE 1. Sample size, final estimated values of the carrying
capacities ki, and confidence Interval Up.

Species
Sample
size N k (g/m2) Up (g/m

2)

Alfalfa (A) 11 553 165
White clover (WC) 12 87 35
I. Bundleflower (IBF) 2 385 102
Orchardgrass (OG) 16 275 71
Intermediate wheatgrass (IW) 16 645 148
Switchgrass (SW) 9 491 65
Eastern gammagrass (EG) 2 243 78
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was above a threshold (70% of the total), otherwise this
entry was discarded.

Estimation of the carrying capacities from monocultures.—
For each species, i we estimated ki as the mean biomass
across all the corresponding monoculture samples.

Estimation of the interaction coefficients from bicul-
tures.—Once we have the ki we estimated the competi-
tion coefficients between a pair of species i–j using the
biomasses of these species in the corresponding pairwise
experiment by using Eq. 4.

Adjustement and optimization of model parameters.—By
varying the carrying capacities within their confidence
intervals we determined a region in the space of these
parameters for which the coexistence equilibriums were
mathematically stable for all the bicultures. Within this
region, we chose the set of seven carrying capaci-
tiesfk1; k7g that minimizes the sum of square deviations
between theoretical and experimental biomasses.

Simulation of polycultures

Once the model parameters were estimated, simula-
tions were carried out for all the experimentally studied
polycultures (combinations of three, four, six, and seven
species). In all the simulations, we used for each species i
an initial biomass of 5% of its carrying capacity and
ri = 1. As we are not interested in the transient beha-
viour but only in the equilibrium state, the simulation
time was taken long enough to ensure that all the bio-
masses had reached their equilibrium values. For this
reason, the exact value of ri is not relevant as it does not
affect the equilibrium biomass densities.
As explained above, those treatments containing the

pair (SW,IW) or/and (EG,OG) were simulated without
including those species that did not grow well in the
experiments. Therefore, the lack of a56, a65, a47, a74 posed
no problem. For example, since in treatment A-WC-IW-
OG-EG-SW the biomass experimentally obtained for EG
and SW were compatible with zero, it was simulated as
the treatment A-WC-IW-OG. Similarly, the seven species
experiment actually included five non-null variables and
then it was simulated as a five-species treatment.

Overyielding and its metrics

Land equivalent ratio (LER).—The classical criterion
for deciding whether a polyculture or intercrop involving
n species is better than its associated monocultures is the
land equivalent ratio (LER; Vandermeer 1989), defined
by

LER ¼
Xj¼n

j¼1

xPj
xMj

(5)

where xMj and xPj denote, respectively, the biomass for
species j in monoculture and its biomass in the polycul-
ture. If LER > 1 the polyculture is better than the associ-
ated monocultures and implies species complementarity
(Vandermeer 1989, 2011).

Transgressive overyielding.—Transgressive overyielding
occurs when a polyculture yields more than the highest
yielding component species in monoculture (Trenbath
1974). This can be measured by the transgressive
overyielding factor (TOF) (Trenbath 1974), defined as
percentages by

TOF ¼ 100

Pj¼n
j¼1 x

P
j �max ðxMj Þ

maxðxMj Þ : (6)

From Eq. 6, we see that there is transgressive
overyielding whenever the TOF is >0.

Equitability

We finally analysed the equitability of each mixture.
For this we calculated the Shannon equitability (SE),
defined as

SE ¼ �
Pj¼n

j¼1 pj lnðpjÞ
lnðnÞ (7)

where pj ¼ ðxjÞ=ð
Pi¼n

i¼1 xiÞ. Therefore, SE varies between
0 and 1 corresponding, respectively, to total dominance
of a single species (monoculture) and complete equitabil-
ity between biomasses of the species in a mixture of n
species.

TABLE 2. Final estimated values of the interaction coefficients aij of column j species over row i species.

Species A WC IBF OG IW SW EG

Alfalfa (A) �1 10.42 0.98 �0.77 �0.56 �0.08 8.78
White clover (WC) �0.12 �1 1.67 �0.08 0.003 0.28 9.07
I. Bundleflower (IBF) �0.50 �2.34 �1 �0.90 �0.51 �0.59 �0.12
Orchardgrass (OG) 1.29 2.40 0.48 �1 0.25 0.63 NA
Intermediate wheatgrass (IW) �0.38 0.60 �0.83 �1.44 �1 NA �1.51
Switchgrass (SW) �0.58 �3.03 �0.42 �1.49 NA �1 �1.24
Eastern gammagrass (EG) �0.37 �1.62 �0.17 NA �0.36 �0.45 �1

Note: “NA” stands for Not Available.
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RESULTS

Model validation: predicted vs. experimental quantities

Individual biomasses.—To assess the accuracy of our
model (how closely predicted values are to the experi-
mental values) we performed a linear regression analysis
between experimental and theoretical values of species
yields in seeded mixtures involving three or more species.
Fig. 1 shows the predicted vs. the observed yield for all
these mixtures. The resulting linear fit is a line with an
intercept very close to the origin, slope a = 1.0323, i.e.,
very close to 1, and a coefficient of determination

R2 = 0.9347. This was the first check confirming that
the model was working properly.
Figs. 2 and 3 show for seeded mixtures of three and

four species, respectively, the experimental biomass den-
sity of each species vs. the corresponding theoretical
value produced by the model. For each mixture the per-
centage difference (PD) between the predicted and
experimental total biomass desnsities is shown as an
inset in the corresponding panel. In general, there is a
good agreement between the theoretical and empirical
yields: in the case of experiments involving three species,
26 out of 36 (3 9 12) theoretical yields fall within
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FIG. 1. Predicted vs. observed biomass for mixtures of more than two species. [Color figure can be viewed at wileyonlinelibrary.-
com]
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confidence intervals; for experiments involving four spe-
cies, 15 out of 24 (4 9 6) fall within confidence intervals.
The matching between total biomass for three and four
species mixtures is even better (see the PD in each panel
of Figs. 2 and 3).

Species ranking.—The model also does a good job at
reproducing the empirical species ranking for three- and
four-species mixtures (see Tables 3 and 4). Note that
Orchardgrass ranked first in all the eight plots (and in
seven of the simulations) involving this species. Intermedi-
ate wheatgrass ranked first in all the three plots (and simu-
lations) involving this species and excluding orchardgrass.
Alfalfa ranked first in all the four plots (and simulations)
involving this species and excluding orchardgrass and
intermiedate wheatgrass. The fact that orchardgrass and
alfalfa dominate the majority of the polycultures in which
they are present is something well known by farmers.

Overyielding, total biomasses and equitability.—Table 5
shows the experimental results and the model predic-
tions for the LER and TOF and total yield. Notice that
all experiments verify that LER > 1. Regarding trans-
gressive overyielding, 14 out of 19 polyculture experi-
ments have TOF > 0.
In addition to the previous three metrics of productivity,

Table 5 also includes the SE, as a metric of biodiversity, to
show the degree of domination in each polyculture. Notice
that SE > 0.5 in 12 out of 19 experiments indicating that
polycultures are not generally dominated by one species
(in which case SE = 0).

Another standard indicator of the accuracy of a model
is the root mean square percentage error (RMSPE), i.e.,
the square root of the mean square prediction error
(MSPE) as a percentage of observed mean. The RMSPE
for LERand total yield, were reasonable small: respectively
18% and 13% (we did not compute the RMSPE for TOF
because the mean value for this index is equal to zero).

Relationship between overyielding indices and total
biomass

It is important to highlight that no mixture maximized
LER, TOF, and total biomass simultaneously nor even a
pair of these three quantities simultaneously (the three dif-
ferent polycultures appear in boldface in Table 5). The
experimental data showed that the maximum LER = 2.13
is attained for white clover – orchardgrass – switchgrass,
and this polyculture exhibits a positive TOF = 11 (above
the experimental mean TOFe ¼ 4) and a modest total
yield of 543 g/m2 (below the experimental mean of 602 g/
m2). The maximum experimental TOF = 38 is attained
by alfalfa - whiteclover - illinois bundleflower, this poly-
culture exhibits a LER = 1.42 (below the experimental
mean LERe = 1.62) and a total yield of 709 g/m2 (well
above the experimental mean). The maximum total
yield = 784 g/m2 is obtained for alfalfa – intermediate
wheatgrass – eastern gamagrass, this polyculture exhibits
a relatively low LER = 1.29 and a high TOF = 22.
We also measured the correlations between LER and

TOF and between these two indices and the total
biomass for the experimental data. We only found a
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significant and strong (Pearson) correlation between
TOF and total biomass (r = 0.64, P = 3 9 10�3).

Predictions: Simulation of not sown treatments

Using the estimated parameters of the model, simula-
tions of those treatments of three, four, and five species

that were not part of the experiment (not seeded) were
conducted. Not sown treatments of six and seven species
were not simulated as they all contained the pair swith-
grass – intermediate wheatgrass and/or eastern gama-
grass – orchardgrass, for which no experiment were
carried out and thus we could not estimate the corre-
sponding interaction parameters.

TABLE 4. Species ranking for sown and not sown mixtures of four-species combinations and the percentage each species
represents in the mixture, theory vs. experiment (in parenthesis).

Combination First Second Third Fourth

A-WC-OG-IW OG 71% (OG 55%) A 27% (A 25%) WC 2% (IW 20%) IW 0% (WC 0%)
A-WC-SW-EG A 92% (A 86%) SW 6% (SW 11%) WC 2% (EG 2%) EG 0% (WC 1%)
A-IBF-OG-IW OG 74% (OG 58%) A 26% (A 24%) IW 0% (IW 16%) IBF 0% (IBF 2%)
A-IBF-SW-EG A 75% (A 83%) SW 23% (SW 14%) IBF 2% (IBF 3%) EG 0% (EG 0%)
WC-IBF-OG-IW OG 77% (OG 63%) IW 13% (IW 31%) WC 10% (IBF 4%) IBF 0% (WC 2%)
WC-IBF-SW-EG WC 65% (SW 61%) SW 24% (WC 25%) IBF 11% (EG 9%) EG 0% (IBF 5%)
A-WC-IBF-OG OG 71% (NA) A 27% (NA) WC 2% (NA) IBF 0% (NA)
A-WC-IBF-IW A 53% (NA) IW 45% (NA) WC 2% (NA) IBF 0% (NA)
A-WC-IBF-SW A 92% (NA) SW 6% (NA) WC 2% (NA) IBF 0% (NA)
A-WC-IBF-EG A 97% (NA) WC 2% (NA) IBF 1% (NA) EG 0% (NA)
A-WC-OG-SW OG 71% (NA) A 27% (NA) WC 2% (NA) SW 0% (NA)
A-WC-IW-EG A 53% (NA) IW 45% (NA) WC 2% (NA) EG 0% (NA)
A-IBF-OG-SW OG 74% (NA) A 26% (NA) IBF 0% (NA) SW 0% (NA)
A-IBF-IW-EG IW 69% (NA) A 31% (NA) IBF 0% (NA) EG 0% (NA)
WC-IBF-OG-SW OG 88% (NA) WC 12% (NA) IBF 0% (NA) SW 0% (NA)
WC-IBF-IW-EG IW 89% (NA) WC 11% (NA) IBF 0% (NA) EG 0% (NA)

TABLE 3. Species ranking for sown and not sown mixtures of three-species combinations and the percentage each species
represents in the mixture, theory vs. experiment (in parenthesis).

Combination First Second Third

A-WC-IBF A 97% (A 97%) WC 2% (IBF 3%) IBF 1% (WC 0%)
A-OG-IW OG 74% (OG 56%) A 26% (A 25%) IW 0% (IW 19%)
A-SW-EG A 75% (A 68%) SW 25% (SW 31%) EG 0% (EG 1%)
WC-OG-IW OG 77% (OG 63%) IW 13% (IW 31%) WC 10% (WC 6%)
WC-SW-EG WC 51% (SW 57%) SW 49% (WC 40%) EG 0% (EG 3%)
IBF-OG-IW OG 64% (OG 68%) IW 35% (IW 24%) IBF 1% (IBF 8%)
A-OG-SW OG 74% (OG 64%) A 26% (A 27%) SW 0% (SW 9%)
A-IW-EG IW 69% (IW 62%) A 31% (A 38%) EG 0% (EG 0%)
WC-OG-SW OG 88% (OG 89%) WC 12% (SW 6%) SW 0% (WC 5%)
WC-IW-EG IW 89% (IW 87%) WC 11% (WC 11%) EG 0% (EG 2%)
IBF-OG-SW OG 77% (OG 72%) IBF 23% (IBF 17%) SW 0% (SW 11%)
IBF-IW-EG IW 63% (IW 89%) IBF 26% (IBF 10%) EG 11% (EG 1%)
IBF-SW-EG SW 62% (SW 84%) IBF 29% (IBF 14%) EG 9% (EG 2%)
A-WC-OG OG 71% (NA) A 27% (NA) WC 2%(NA)
A-WC-IW A 53% (NA) IW 45% (NA) WC 2% (NA)
A-WC-SW A 92% (NA) SW 6% (NA) WC 2% (NA)
A-WC-EG A 99% (NA) WC 1% (NA) EG 0% (NA)
A-IBF-OG OG 74% (NA) A 26% (NA) IBF 0% (NA)
A-IBF-IW IW 69% (NA) A 31% (NA) IBF 0% (NA)
A-IBF-SW A 75% (NA) SW 23% (NA) IBF 2% (NA)
A-IBF-EG A 90% (NA) IBF 10% (NA) EG 0% (NA)
WC-IBF-OG OG 88% (NA) WC 12% (NA) IBF 0% (NA)
WC-IBF-IW IW 89% (NA) WC 11% (NA) IBF 0% (NA)
WC-IBF-SW WC 64% (NA) SW 26% (NA) IBF 10% (NA)
WC-IBF-EG WC 81% (NA) IBF 19% (NA) EG 0% (NA)
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Ranking.—Tables 3, 4 and 6 show the species ranking
for mixtures of three, four and five species that were not
sown. The results are consistent with the ones found for
sown mixtures.

Overyielding and equitability.—From Table 5 we can see
that for not seeded polycultures of three and four spe-
cies, as it happened for the seeded polycultures, all verify
that LER > 1 and most of them exhibit positive TOF
(19 out of 22).

Table 5 also shows the Shannon equitability factor for
not seeded interactions among three and four species. In
this case, in most not seeded polycultures SE < 0.5 (14
out of 22), indicating that most of these polycultures
would be dominated by one (or two) species.

Types of interspecific interactions

From Tables 1, 2 and the one in Appendix S2 we can
obtain the different relationships between the pairs of

TABLE 5. Land equivalent ratio (LER), transgressive veryielding factor (TOF), total biomass density, and Shannon equitability
(SE) for model calculations and experimental data.

Polyculture
LER
model

LER
exp

TOF
model TOF exp

Total biomass density,
model (g/m2)

Total biomass density,
experiment (g/m2)

SE
model SE exp

A-WC-IBF 1.43 1.42 30 38 717 709 0.13 0.07
A-WC-OG 2.73 NA 52 NA 838 NA 0.60 NA
A-WC-IW 1.93 NA 57 NA 1,014 NA 0.71 NA
A-WC-SW 1.52 NA 37 NA 757 NA 0.29 NA
A-WC-EG 1.25 NA 17 NA 648 NA 0.06 NA
A-IBF-OG 2.12 NA 21 NA 670 NA 0.52 NA
A-IBF-IW 1.30 NA 24 NA 797 NA 0.56 NA
A-IBF-SW 1.37 NA 32 NA 731 NA 0.56 NA
A-IBF-EG 1.33 NA 27 NA 702 NA 0.31 NA
A-OG-IW 2.12 1.99 4 11 670 716 0.52 0.90
A-OG-SW 2.12 1.96 21 18 669 654 0.52 0.78
A-IW-EG 1.30 1.29 24 22 797 784 0.56 0.61
A-SW-EG 1.34 1.18 30 12 718 620 0.51 0.62
WC-IBF-OG 2.12 NA 21 NA 464 NA 0.33 NA
WC-IBF-IW 2.11 NA 22 NA 787 NA 0.32 NA
WC-IBF-SW 1.78 NA �55 NA 219 NA 0.79 NA
WC-IBF-EG 1.80 NA �52 NA 184 NA 0.45 NA
WC-OG-IW 2.27 1.95 �15 �12 548 564 0.63 0.75
WC-OG-SW 2.12 2.13 �6 11 464 543 0.33 0.39
WC-IW-EG 2.11 2.01 22 15 787 744 0.32 0.42
WC-SW-EG 1.65 1.99 �51 �31 241 336 0.64 0.72
IBF-OG-IW 1.46 1.67 �22 �15 505 549 0.65 0.74
IBF-OG-SW 1.42 1.41 �15 �12 417 430 0.49 0.72
IBF-IW-EG 1.34 1.20 �1 12 640 722 0.80 0.32
IBF-SW-EG 1.38 1.16 17 10 577 539 0.79 0.45
A-WC-IBF-OG 2.73 NA 52 NA 838 NA 0.47 NA
A-WC-IBF-IW 1.93 NA 57 NA 1,014 NA 0.56 NA
A-WC-IBF-SW 1.51 NA 37 NA 756 NA 0.23 NA
A-WC-IBF-EG 1.43 NA 30 NA 717 NA 0.11 NA
A-WC-OG-IW 2.73 1.95 30 9 838 702 0.47 0.73
A-WC-OG-SW 2.73 NA 51 NA 838 NA 0.47 NA
A-WC-IW-EG 1.94 NA 57 NA 1,014 NA 0.56 NA
A-WC-SW-EG 1.51 1.18 37 8 756 596 0.23 0.35
A-IBF-OG-IW 2.12 2.00 4 9 670 701 0.41 0.74
A-IBF-OG-SW 2.12 NA 21 NA 669 NA 0.41 NA
A-IBF-IW-EG 1.30 NA 24 NA 797 NA 0.44 NA
A-IBF-SW-EG 1.37 1.17 32 13 732 626 0.45 0.48
WC-IBF-OG-IW 2.27 2.05 �15 3 547 661 0.50 0.62
WC-IBF-OG-SW 2.12 NA �6 NA 464 NA 0.26 NA
WC-IBF-IW-EG 2.11 NA 22 NA 788 NA 0.26 NA
WC-IBF-SW-EG 1.78 1.10 �56 �52 217 238 0.62 0.73
Mean 1.83 1.62 15 4 664 602 0.46 0.59
Maximum 2.73 2.13 57 38 1,014 784 0.80 0.90

Note: Polycultures that reached maximum LER, TOF, and total biomass densities in the experiments appear in boldface.
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crop species that are summarized in Table 7. The pair of
symbols in each cell refers to the interaction between the
two species, the first one refers to the effect of the species
i (rows) on species j (columns), while the second is the
effect of species j on species i. A 0+(�) denotes a positive
(negative) effect but with a biomass <1 SD from the cor-
responding carrying capacity (see Tables 1 and 2). It is
worth remarking that a large absolute value for a coeffi-
cient aij does not necessarily imply a dramatic effect of
species j over species i in a mixture involving them. That
is, when the yield of species j, xj, is very small, the effect
of j over i will be moderate (or even null if xj = 0).
There occur four types of interactions between the 21

pairs of species (actually two of them are unknown since
the corresponding experiments were not carried out):
amensalism (0,�) or (�,0) (seven cases), parasitism
(+,�) or (�,+) (seven cases), mutual competition (�,�)
(four cases), and neutral interaction (0.0) (one case).

DISCUSSION

Model validation

Our approach rests on two main assumptions.
Assumption 1 was equilibrium, i.e., the assemblage of
species reached the steady state. In the strict mathemati-
cal sense a community is at equilibrium only when the
rate of change for all species is zero. This theoretical
ideal could never be achieved in natural communities,
e.g., due to seasonal and stochastic environmental varia-
tion (Wiens 1984). In applying the theory to real com-
munities, the question becomes not whether the species
are coexisting at the ideal of a point equilibrium, but

rather how far the community is from the ideal, and
what effect that has on the validity of predictions based
on the theory (Roxburgh and Wilson 2000). Assumption
2 was additivity, i.e., the interaction effects can be mod-
eled as if it were pairwise and linear in each species. In
other words, the Lotka-Volterra equations can be
thought as the first approximation in a Taylor series
expansion about the equilibrium points of a more com-
plex and general theory (Lotka 1925, Volterra 1931)
involving higher order (non-linear) interaction terms.
The agreenent between predicted and observed values

of biomass for n > 2 species confirm a posteriori the
validity of both assumptions. For n = 3 model predic-
tions match very well with experimental results: 26 out of
36 predicted yields lay within the confidence interval of
the observed biomass densities. The accuracy for polycul-
tures involving n ≥ 3 species is lower but still a reason-
able 15 out of 24. Furthermore, the agreement between
predicted and observed results for aggregate or global
properties is even better: the linear regression analysis
fitting theoretical and experimental data shows strong
correlations for mixtures of three or more species
(R2 > 0.93); many of the total biomass differ by only few
percentage points; the percentage of coincidence between
the observed and theoretical ranking is of 63% (77% for
three species and 33% for more than three species).
Regarding overyielding metrics, in almost all the cases

the model reproduced qualitatively well the observed TOF
(it fails for seven polycultures). Furthermore, for some
polycultures it worked pretty well (a difference between
predicted and empirical TOF of <10% in two cases), and
with reasonable accuracy for many other polycultures
(<20% in two additional cases). The agreement between
the predictions and the experimental data for the LER
was even better: in three cases the difference was <1% and
in four additional cases this difference was <10%.
To conclude this subsection on model validation, it is

worth commenting on the stability of the solutions pro-
duced by this model. For n > 2 species, theoretically,
more complex equilibria e.g., strange attractors are pos-
sible. Actually, the equations for the GLV model have
not been completely classified yet, in spite of impressive
progress. One of the reasons is the existence of hetero-
clinic cycles (Hofbauer and Sigmund 1998), related with
cyclic dominance (e.g., for n = 3, species 1 dominates
species 2, which, in turn, dominates species 3 and species
3 dominates species 1). However, when cyclic dominance
is ruled out the Lotka-Volterra equations are in general

TABLE 6. Species ranking for sown and not sown mixtures of five-species combinations and the percentage each species represents
in the mixture, theory vs. experiment (in parenthesis).

Combination First Second Third Fourth Fifth

A-WC-IBF-OG-IW OG 71% (NA) A 27% (NA) WC 2% (NA) IW 0% (NA) IBF 0% (NA)
A-WC-IBF-OG-SW OG 71% (NA) A 27% (NA) WC 2% (NA) SW 0% (NA) IBF 0% (NA)
A-WC-IBF-IW-EG A 53% (NA) IW 45% (NA) WC 2% (NA) IBF 0% (NA) EG 0% (NA)
A-WC-IBF-SW-EG A 92% (NA) SW 6% (NA) WC 2% (NA) IBF 0% (NA) 0% EG (NA)

TABLE 7. Types of interactions between the 21 pairs of species.

Species A WC IBF OG IW SW EG

A � + 0+ � � 0� 0+

WC � � + � 0� 0+ +
IBF � � � � � � 0�

OG + + + � + 0� NA
IW � 0� � � � NA 0�

SW � &� � � NA � �
EG � � � NA � � �
Note: Each entry denotes the effect of column species over

row species. A +(�) denotes a positive (negative) effect while
0+(�) denotes a positive (negative) effect but changing the spe-
cies yield in <1 SD from its carrying capacity.
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monotonic and hence admit no chaos (see, for instance
Hirsch 1988 and Sigmund 1998). In fact, in all the simu-
lations the system quickly converges to a stable equilib-
rium (see Appendix S3) with no traces of chaos.

Predicting optimal mixtures

All the above evidences of good agreement between
theoretical and observed results encouraged us to use
this GLV model to carry out “virtual experiments” and
test the performance of polycultures different from the
ones that were sown, harvested, and measured.
Simulations of treatments for which there were no

experimental data to compare with, yield rankings of
species that are consistent with the ones observed for
treatments for which we do have empirical data. Thus the
model seems to be a useful tool for searching optimum
crop mixtures for overyielding. We have seen that three
different mixtures maximize each of the three metrics,
LER, TOF, and total yield. Hence which is the optimal
mixture depends on which metric you want to maximize.
Looking at Table 5, we see that, at least theoretically, any
mixture including alfalfa, white clover, and intermediate
wheatgrass produces the maximum theoretical total yield
and TOF, 1,014 g/m2 and 57 respectively, and a
LER = 1.93 > LERe = 1.62. This result is consistent
with the finding that these three species were weed sup-
pressive (Picasso 2008). Alternatively, if we focus on
achieving the maximum LER, we observe that any com-
bination involving alfalfa, white clover, and orchardgrass
leads to maximum LER and to the second highest total
biomass and TOF (see Table 3). These findings suggest
that any combination including alfalfa, and white clover
plus another species chosen from intermediate wheat-
grass and orchardgrass is a promising candidate in terms
of productivity. Actually this is confirmed by the alfalfa –
white clover – orchardgrass - intermediate wheatgrass
experiment, which produced LER, TOF, and total yield
all greater than the corresponding experimental means.

Types of interspecific interactions

We found that the most frequent interspecific interac-
tions are either amensalism, (0,�) or (�,0), and (+,�).
We didn’t find any mutualistic (+,+) interaction and only
one case of neutral interaction (0,0). We observed that:

1) Legumes (alfalfa and white clover) experiment showed
similar effects from the other species: they are usually
not affected (neutral interaction), except by the cool-
season grasses (orchardgrass and intermediate wheat-
grass). This is likely due to competition for resources
between these grasses and the legumes.

2) Orchardgrass was usually facilitated by legumes
(alfalfa and white clover). In general legumes, by fix-
ing nitrogen, enhance soil fertility and it was argued
they are a primary cause of overyielding (Huston
2000, Storkey et al. 2015). This explains why

orchardgrass achieved a greater biomass in mixture
than in monoculture and why it always ranked first in
mixtures. This is likely due to the effect of nitrogen
transfer from the legumes to this grass species.

3) Illinois bundleflower, intermediate wheatgrass,
switchgrass, and eastern gamagrass generally com-
peted with other species (being negatively affected by
them). This is the reason why they achieved lower
biomass in mixture than in monoculture.

On the relationship between yield and diversity

An interesting question in plant ecology is whether
community biodiversity enhances or not productivity
(Hector et al. 1999, Huston 2000, Hector et al. 2009).
Picasso et al. (2008) found that, on average, total experi-
mental biomass density increases log-lineraly with spe-
cies richness. We observe that the same happens for the
experimental LER and the theoretical LER produced by
our model (Fig. 4) with, respectively, R2 = 0.957 and
R2 = 0.989. On the other hand, the TOF didn’t exhibit
any significant relationship with the species richness. In
addition, we checked that the positive correlation
between yield and diversity holds when including the
non-seeded treatments; if we consider the simulations
for all possible tratments (seeded and non-seeded), the
total theoretical yield and LER also increase log-lineraly
with the species richness (R2 = 0.996 and R2 = 0.994,
respectively) as shown in Fig. 4c and d. Nevertheless it is
worth remarking that we couldn’t find any significant
correlation (P < 0.05) with the SE neither for the experi-
mental overyielding indices nor for the total biomass
density. A possible explanation for this is that it seems
there is an optimal number n of species maximizing pro-
ductivity metrics; as we have seen the three identified
more productive polycultures all involve n = 3 species.
Our modeling effort, and the three years of detailed

field experiments on which it is based, provides the
opportunity to explore the question of whether species
richness results in higher productivity with greater mech-
anistic detail than many of the biodiversity–ecosystem
function (BEF) experiments that have been published to
date. For example, as it was mentioned, a LER > 1
provides evidence of species complementarity, wich can
result either from resource partitioning or facilitation
among sepecies (Loreau and Hector 2001). Distinguish-
ing the effects of niche differentiation and facilitation
may often be difficult in practice. The fact that the inter-
action coefficients are of both signs is evidence that the
two biodiversity effects occur in the mixtures. This is
something expected since it is known that both resource
partitioning and facilitation arise between legumes,
which have the ability to fix atmospheric nitrogen, and
other plants, which have access only to soil nitrogen.
Actually a rather crude way to disentangle the effects of
resource partitioning from those of facilitation is by sim-
ply counting the different types of interactions among
the pool of seven species considered in this study. From
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Table 7 we see that the 38 measured interspecific interac-
tions comprise 22 negative, 7 null, and 7 positive interac-
tions. The recipients of facilitation are three species:
alfalfa, white clover and orchardgrass. This is consistent
with the finding that any combination including these
species achieves and outstanding performance as mea-
sured by the three metrics we considered.
It is worth remarking that most of the polycultures are

actually performing as bicultures and the third and/or
fourth species represent minor contributions to the total
yield (Figs. 2 and 3). However, in some cases, the effects
of the scarce third and/or fourth species are not negligi-
ble. This is because some of the interaction coefficients
can be very large, e.g., many of the interaction coeffi-
cients of white clover over the other species (column 2 of
the interaction matrix in Table 2). Therefore, despite its
small contribution to the yield in mixtures, white clover
can have important effects on the yield of the other
species. This implies that removing white clover from
mixtures can substantially change the total yield of the
polyculture (see Appendix S3).

Extensions and caveats

It is worth emphasizing that the model we proposed is
the minimally sufficient description for explaining bio-
mass of crop mixtures. All its parameters are directly
estimated from experimental data from monocultures
and bicultures and the only parameter fitting it involves
consists in variations of these parameters within their
confidence intervals.

This model can be extended or refined in several
directions, making it more realistic or accurate. For
example, through the introduction of parameters to the
Lotka-Volterra equations, which measure the degree of
deviation from additivity. Another possibility are the
Generalised Diversity-Interactions models which assume
a non-linear functional form for the contribution of the
pairwise interactions, controlled by a parameter h that
allows a wide range of forms for the species pairwise
interactions with consequences for community-level
properties (Connolly et al. 2013).
However, parsimonious modeling is particularly com-

pelling for developing quantitatively predictive tools for
polycultures of plants. This is because the experimental
standard errors in experiments are in general large pre-
cluding falsification of more elaborate models taking
into account non-linear and non-additive effects. Ade-
quate experimental design or field work would become
much more difficult with more realistic models, which,
in our opinion, should be considered only for those par-
ticular communities in which the simpler Lotka-Volterra
equations fail.
The quantitative analysis presented here for grasslands

and pasture production is also applicable to perennial
crops common in modern industrial farming as well as in
subsistence agriculture around the world. This is impor-
tant because perennial polyculture farming seems to be
the answer for a wide variety of global big problems, from
benefits that communities of perennial plants can confer
on a landscape erosion prevention, efficient capture and
use of water, carbon sequestration, etc. to ensure food
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security and protection of biodiversity over the long term
(Batello et al. 2013). In addition, this same approach
could be used to assess species interactions between a
community of natives and one or more invasives as well
as the inter-species dynamics of native communities of
plants and other taxa (see for example Fort 2017).
Some caveats regarding the application of this model-

ing methodology are worth mentioning. It is important
to bear in mind that several of the model parameters
(e.g., the carrying capacities) are certainly going to be
modified by soil nutrient availability; similarly the
strength of directional interaction effects will also be
modified by the degree to which species are indeed com-
peting for the same resources. However, experiments in
two separate locations with different soils, although they
differ quantitatively in some indices, exhibited remark-
able qualitative similarities. For example, the above men-
tioned positive complementarity effects were observed in
both environments (Picasso 2011). Moreover results
using cultivars of highly productive forage species are
consistent with ecological experiments at multiple sites
throughout Europe (Hector et al. 1999). Edaphic condi-
tions might also influence species interactions in
mixtures, and mixture composition might vary with dif-
ferent environments and soil types. All this represents
challenges for applying similar modeling efforts to other
mixtures of crops and/or different soils.

CONCLUSION

In conclusion, we propose a simple method to extract
the parameters of a GLV model from field experiments,
involving monocultures and bicultures. By making
reasonable biological/ecological assumptions, well sup-
ported by the data of a thorough field experiment
(Picasso et al. 2008, 2011) we arrived to a GLV model
that reproduces reasonably well the outcome of herba-
ceous polycultures involving three or more crop species.
The fact that this approach works for a set of experi-
ments, for which we have complete information, suggests
that it can be used for other similar agroecosystems. In
this way, our work provides a general methodology that
can be used to describe, explain and predict the yields of
different crops mixtures and then might contribute for
optimizing grasslands and pasture production.
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